A variable semiconductor optical buffer based on the electromagnetically induced transparency in a quantum dot waveguide is theoretically investigated with feasible parameters for applications to a 40 Gbps optical network. We show the refractive index and absorption spectra of the quantum dot waveguide at various pump levels, which exhibit an optimal pump power for maximum slow-down factor, in agreement with the previous experimental observation using a Pr-doped solid. The group velocity slow-down factor is theoretically analysed as a function of the pump intensity at different broadened linewidths. Inhomogeneous broadening in self-assembled quantum dots degrades the slowdown factor. In order to reduce the inhomogeneous broadening effects, we propose to use a resonant microcavity structure with quantum dots embedded in the active layer to enhance the slow-down factor.
Introduction
Variable optical buffers are one of the crucial components in the implementation of optical signal processing and all-optical packet-switched networks. In such a buffer, data would be kept in the optical domain throughout the storage time without being converted into the electronic domain. The buffer must be able to turn on to store and off to release optical data at a very rapid rate by an external command. The fibre optical delay line is widely used but it lacks the functionality of variable time delay due to the fixed nature of the fibre length. There are several other possible ideas of implementing a variable optical delay line such as electromagnetically induced transparency (EIT) [1] [2] [3] , Moiré grating [4] , and recirculating fibre loop [5] . Experimental results of a slow-down factor of 10 7 have been reported using the EIT mechanism in a gas cell at 350 K [6] and in a Pr:doped solid at 5 K [7] . However, in this case the transmission bandwidth of the group velocity slow down is tens of kilohertz, which is not suitable for optical buffer applications [7] . Recently, a semiconductor optical buffer using EIT in a quantum dot (QD) medium has been proposed and its performance of slow light was theoretically predicted [3] . We investigate the performance of the proposed semiconductor optical buffer for application to 40 Gbps optical communication systems. We use feasible parameters of strained QDs from our band structure model as well as published experimental data on linewidths.
In the formation of self-assembled QDs, inhomogeneous broadening exists due to the nonuniformity of size, strain distribution, and material composition of QDs [8] . This nonuniformity makes the signal and pump beams experience different detunings at different QDs. The slow-down factor induced by the misaligned QDs can even be negative at the signal wavelength, cancelling the positive slow-down factor generated by the aligned QDs [9] . Eventually, this inhomogeneous broadening of QDs reduces the slow-down factor and contributes to signal distortion. In order to alleviate degradation effects induced by inhomogeneous broadening, a multicolour pumping scheme was proposed [9] . In this paper, we propose to put a small number of quantum dots in a resonant microcavity to overcome the deleterious effect of inhomogeneous broadening in self-assembled QDs.
Theoretical model

Ladder configuration for EIT operation
A schematic diagram of potential profile and relevant parameters for EIT operation in a QD is shown in figure 1 . In this ladder configuration, only |2 ↔ |1 and |3 ↔ |2 are dipoleallowed, of which the energy separation ishω 21 andhω 32 , respectively. ω s and ω p are the optical frequencies of the signal and the pump, respectively. The time-dependent optical dielectric constant experienced by the signal beam can be derived from the density matrix theory as follows.ρ
where γ nm is the dephasing linewidth, and ω nm is the energy separation between state |n and |m . µ nm is the dipole moment. The electric field E(ω) includes the signal and pump beam so that it is expressed as E(ω) = E s e −iω s t + E p e −iω p t . When both the signal and pump detunings are small, we can define the slowly-varying density matrices σ nm as follows.
The substitution of equation (2) into (1) leads to the equation of motion for σ nm elements. The off-diagonal elements are given bẏ
where the definition of the Rabi frequency is ≡ µE/2h. s = ω 21 − ω s and p = ω 32 − ω p are detunings from the signal and pump beam, respectively.
The steady-state solution of σ 31 in equation (3) is
If we assume that the power of the signal is much smaller than that of the pump, the second term in the numerator can be dropped. In this case, the approximate solution of σ 21 in equation (3) is expressed as 
where ε bac is a background dielectric constant;
2 cε 0 √ ε bac are related to the oscillator strength of the signal beam and the launched pump power density, respectively; γ 21 and γ 31 , which depend on the homogeneous broadening of QDs, are the damping rates for |2 ↔ |1 and |3 ↔ |1 transitions, respectively; is the optical confinement factor; V is the volume of a single QD; µ 21 and µ 32 are the interband and intersubband dipole moments, respectively; f 1 and f 2 are Fermi-Dirac occupation factors and for a passive undoped dot, f 1 ∼ 1 and f 2 ∼ 0; and ε 0 and c are the dielectric constant and the speed of the light in vacuum, respectively.
The group velocity slow-down factor is defined as the ratio of the light propagation time of the device length to that of free space. When the detunings from the signal and pump beams are zero, the slow-down factor (S) at the signal frequency (ω s ) can be derived from this dielectric constant [3] 
where
Quantum dot model
We consider a strained GaAs-InGaAs-InAs QD system, which has a ground state emission wavelength near 1.3 µm [10] . In our model, the dot is treated as a quantum disc with a radius a of 9 nm and a height h of 3.5 nm. Band gap shifts due to the biaxial compressive strain are taken into account. The calculated transition wavelengths for the three-level system as shown in figure 1 are 1.36 µm for the C1-HH1 transition, and 12.8 µm for the C2-C1 transition.
The wavefunction of the quantum disc is obtained by solving the Schrödinger equation under the parabolic band model. Band mixing between hole states is not considered in this work. Each state can be characterized by three integral quantum numbers (nml), where nm and l correspond to ρ-φ (transverse) and z dependence, respectively (n 1, m 0, and l 1). The wavefunction of the state (nml) at the position r = (ρ, φ, z) can be expressed as follows.
otherwise.
In equation (8), J m ( pρ) and K m (qρ) are the Bessel function of the first kind and the modified Bessel function of the second kind, respectively; C nm is the normalization constant; and p, q, k z , and α are constants, which are determined from the boundary conditions at the interface between the quantum disc and the surrounding material.
Relevant parameters for EIT operation
The intersubband dipole moment between the ground state (C1 or level 2) and the first excited state (C2 or level 3) of the conduction band is given by
where e is the unit charge. In our quantum disc model, the wavefunction in equation (8) has a Bessel function dependence in the transverse direction (similar to the L P mn mode of a stepindex optical fibre) and a quantum-well-like dependence along the z direction. Figure 2 shows the polarization selection rules of the intersubband dipole moments for quantum discs with different aspect ratios. The first excited state can be either the (111) state or the (102) state depending on the relative magnitude of the radius and the height of the disc. For simplicity, if an infinite potential barrier is assumed, the condition that the energy of the (111) state is lower than the (102) state is given as follows.
which leads to
where Z 11 = 3.8317 and Z 10 = 2.4048 are the first zeros of the Bessel functions, J 0 (Z 10 ) = 0 and J 1 (Z 11 ) = 0, respectively. In other words, when the height of the quantum disc h is smaller than 1.82a, the first excited state is the (111) state and the z-component of the intersubband dipole moment is zero, as shown in figure 2(a) . When h > 1.82a, the first excited state is the (102) state and the intersubband dipole moment in the transverse direction vanishes, as shown in figure 2(b) . In general, h < 1.82a for a typical quantum dot. Therefore, the polarization of the pump light should be chosen parallel to the QD plane in order to obtain maximum coupling between the pump beam and the |3 ↔ |2 transition. The calculated intersubband dipole moment in the transverse direction is 24.6 eÅ when the radius and the height are 9 nm and 3.5 nm, respectively. The intersubband dipole moment is proportional to the radius of a QD.
On the other hand, the interband dipole moment can be expressed in terms of the momentum matrix element and the overlap integral of the wavefunctions as follows [11] .
where u c (r) and u v (r) are periodic parts of the ground state for the electron and the hole, respectively; and ξ is an enhancement factor due to excitonic effects; ξ in the range of 41-949 has been reported in CuCl QDs with radii of 15-80 Å embedded in a glass matrix [12] . In the GaAs-InAs-GaAs QD system described above, µ 21 is calculated to be 5.1 eÅ assuming ξ = 1. In the experiment, an interband dipole moment of 21 eÅ was reported in GaAs/AlGaAs QDs [13] . In general, a large interband dipole moment increases the slow-down factor. The value of 21 eÅ will be used below in the calculation of group velocity reduction factor. The damping rates γ 21 and γ 31 are related to the linewidths, or dephasing times, of the QD states, which are determined by several physical processes including radiative recombination, carrier-phonon scattering, and exciton-phonon scatterings, among which the exciton-phonon scattering is considered dominant. The maximum achievable slow-down factor is inversely proportional to the linewidth of a QD [3] . According to the experimental measurement, a single QD has a dephasing time of several tens of picoseconds between 50 and 80 K [14] [15] [16] . Figure 3 shows the variation of the normalized refractive index and absorption spectra from the first-order susceptibility χ 1 of the signal frequency when the intensity of the pump beam is varied [1] . Equation (6) is used to calculate the real and imaginary parts of the susceptibility. In these figures, p and s are detuning frequencies for the pump and signal beams, respectively.
Calculation results
pp is the Rabi frequency of the pump field. s and pp are normalized to the linewidth γ 21 . We assume p = 0 and γ 31 = 2γ 21 since the excited electron state experiences more dephasing than the ground electron state does. When the pump power density reaches the value of 2γ 21 in figure 3(b) , the slope of the refractive index (χ ) at the centre frequency of the signal beam becomes nearly zero. At the same time, the slow-down factor approaches unity. As we increase the pump power density, the slope of the refractive index spectrum becomes positive and the group velocity starts to decrease. At a certain pump power density, the slope of the refractive index or the group velocity reduction reaches a maximum, as shown in figure 3(c) . If the pump power density further increases, the slope of the refractive index starts to decrease again. This is because the increase of the transparency window of the absorption spectrum (χ ) between two absorption peaks experienced by the signal beam reduces the frequency variation of the refractive index profile between the absorption peaks. Therefore, the group velocity reduction due to EIT shows a maximum at a certain pump power density, which agrees with the experimental observation [7] . The bandwidth of an optical buffer via EIT in QDs is determined by the transparency window where the optical absorption is reduced and the slope of the refractive index is positive. As is seen from figure 3(c) in which the maximum group velocity slow-down factor is obtained, the bandwidth is comparable to the linewidth γ 21 . But the bandwidth can be increased further by increasing the pump power density at the cost of the group velocity slow-down factor, as can be seen from figure 3(d).
The calculated group velocity slow-down factor based on equation (7) is shown in figure 4 , using the material parameters defined above. Also, the signal wavelength is 1.36 µm, ε bac = 13, |µ 21 |/e = 21 Å, and |µ 32 |/e = 24.6 Å. Ten vertically-stacked QD layers are used. Each dot has a radius of 9 nm and a height of 3.5 nm. The optical confinement factor, = 6 × 10 −3 for a QD surface density of 4 × 10 10 cm −2 is used. Three different linewidth values forhγ 21 , 1.6, 6.6, and 26.5 µeV (which correspond to 2.5, 10, and 40 Gbps bandwidths) are considered with the assumption that γ 31 = 2γ 21 . The transmission window is determined by the ratio between the Rabi frequency and the linewidth. Figure 4 shows that the calculated group velocity reduction factor for γ 21 = 26.5 µeV is around 3000. This reduction factor would be suitable for optical buffers in all-optical packet-switched networks.
Quantum dots in a microcavity
The Fabry-Perot cavity structure itself induces slow-down of light by resonant behaviour. Several hundreds of nanoseconds of superluminal (fast light) and subluminal (slow light) propagation was experimentally demonstrated in a high-Q optical microcavity containing a few cold atoms (<10) in its cavity mode [17] . When the EIT effect induced by QDs is incorporated with a resonant cavity, the slow-down factor will increase due to the round-trip behaviour of signal light in the cavity. Hence, we can achieve an enhanced slow-down factor using a smaller number of QDs, which reduces the inhomogeneous broadening effects of QDs. Figure 5 shows a schematic diagram of the QD-microcavity structure. The signal operating wavelength is 1.36 µm and only one layer (instead of ten layers) of QDs is placed at the centre of a λ-cavity. Each of the two distributed Bragg reflectors (DBRs) which form the cavity consists of 20 layers of alternating λ/4 GaAs (n = 3.5) and AlAs (n = 3.1). The propagationmatrix [18] method is used to obtain the transmission amplitude and phase spectrum. The first-order optical susceptibility induced by EIT is expressed as equation (6) . The parameters used for QDs are the same as those in section 3 and only homogeneous broadening of QDs is considered with the assumption that the number of QDs in the centre of the cavity is small. Figure 6 shows the calculated spectrum of transmissivity and slow-down factor through the QD-microcavity when the linewidth (hγ 21 ) of the QDs is 26.5 µeV with a pump beam intensity of 0.1 MW cm −2 . The slow-down factor induced by only the DBR cavity and the EIT medium is 13 and 18, respectively. Figure 6(b) shows that the slow-down factor caused by the QDmicrocavity is around 150. Because the signal experiences multiple round-trips within the cavity, the effective path length increases and the corresponding slow-down factor is enhanced. The optical loss at the centre frequency is 3 dB, as shown in figure 6(a) . This enhancement of the slow-down factor by resonance behaviour is limited by the optical loss caused by EIT. If the optical loss induced by EIT is high, the intensities of the multiple reflected signals are negligible and the resonance behaviour disappears.
Conclusion
We have theoretically investigated a semiconductor QD system for slow light with applications to a variable semiconductor all-optical buffer. The effects of the dephasing time on the slowdown factor of the signal light are investigated. The main factor of the dephasing is from exciton-phonon scattering, limited by the radiative recombination [15] , and it has a value of several tens of picoseconds between 50 and 80 K. At these temperatures, a group velocity slow-down factor of more than 1000 can be obtained, which is appropriate for 40 Gb s −1 optical communication systems. A single layer of QDs placed in a microcavity is proposed in order to overcome the degradation of the slow-down factor caused by the inhomogeneous broadening of QDs. Enhancement of the slow-down factor by resonant behaviour is shown by numerical calculation.
